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LOGARITHMIC STABILITY IN DETERMINING A BOUNDARY COEFFICIENT IN 

AN IBVP FOR THE WAVE EQUATION 


KAiS AMMARI AND MOURAD CHOULLI 


Abstract. In [2] we introduced a method combining together an observability inequality and a spectral de¬ 
composition to get a logarithmic stability estimate for the inverse problem of determining both the potential 
and the damping coefficient in a dissipative wave equation from boundary measurements. The present work 
deals with an adaptation of that method to obtain a logarithmic stability estimate for the inverse problem 
of determining a boundary damping coefficient from boundary measurements. As in our preceding work, 
the different boundary measurements are generated by varying one of the initial conditions. 

Keywords: inverse problem, wave equation, boundary damping coefficient, logarithmic stability, boundary 
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1. Introduction 


We are concerned with an inverse problem for the wave equation when the spatial domain is the square 
O = (0,1) X (0,1). To this end we consider the following initial-boundary value problem (abbreviated to 
IBVP in the sequel) : 


( 1 . 1 ) 

Here 


dtU — Alt = 0 

M= 0 

d^u + adtu = 0 

it(-, 0) = 9tM(-, 0) = 


in Q = X (0, t), 
on So = Po X (0,r), 
on El = Pi X (0, r). 


Po = ((0,l)x{l})U({l}x(0,l)), 
Pi = ((0,l)x{0})U({0}x(0,l)) 
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and i9^ = • V is the derivative along z/, the unit normal vector pointing outward of 17. We note that v is 

everywhere defined except at the vertices of 17 and we denote byF = roUri. The boundary coefficient a is 
usually called the boundary damping coefficient. 

In the rest of this text we identify a|(o,i)x{o} by oi = ai(x), x € (0,1) and a|{o}x(o,i) by 02 = 02 ( 2 /), 
y G (0,1). In that case it is natural to identify a, defined on Ti, by the pair (oi, 02 ). 

1.1. The IBVP. We fix 1/2 < a < 1 and we assume that a € £/, where 

.e/ = { 6 =( 6 i, 62 )GC“([ 0 ,l]) 2 , 6 i( 0 )=& 2 ( 0 ), 6 , > 0 }. 

This assumption guarantees that the multiplication operator by Oj, / = 1, 2, defines a bounded operator on 
1)). The proof of this fact will be proved in Appendix A. 

Let V = {u € m = 0 on Tq} and we consider on P x the linear unbounded operator A given 

by 

= {w, Au), D{Aa) = {{v,w) G V X V; Av G L^(17) and d,yV = —aw on Ti}. 

One can prove that Aa is a m-dissipative operator on the Hilbert space V x L‘^{Vl) (for the reader’s 
convenience we detail the proof in Appendix B). Therefore, Aa is the generator of a strongly continuous 
semigroup of contractions Hence, for each (w°, m^), the IBVP (11.11) possesses a unique solution denoted 
by Ua = Ua(u^,U^) SO that 

{ua,dtUa) G C([0, oo);i:)(Aa)) nC'^([0,oo), V X T^(17)). 

1.2. Main result. For 0 < m < M, we set 

J^m,M = {b= ( 61 , 62 ) G £/ n H^(0,1)^; m < bj, \\bj\\jj^Q i^ < M}. 

Let Uo given by 

Uq = {v G V] Av G L^(17) and d^v = 0 on Fi}. 

We observe that Uq x {0} C D{Aa), for any a G . 

Let Co G AS{D{Aa)]L'^{'£‘i)) defined by 

Ca(u°,u^) = d^Ua{u° 

We define the initial to boundary operator 

Aa:u°GUo^ Co(w°, 0) G L2 (Si). 

Clearly Co G ^(I7(Ao); L^(Si)) implies that Ao G IMIUq-, L'^{Yji)), when Uq is identified to a subspace of 
D{Aa) endowed with the graph norm of Aa- Precisely the norm in Uq is the following one 

ll^°llwo = (l|w°llv + Il^w°lli2(n)) 

Henceforth, for simplicity sake, the norm of Ao — Aq in L^(Ei)) will denoted by || Ao — Ao||. 

Theorem 1.1. There exists tq > 0 so that for any r > tq, we find a constant c > 0 depending only on r 
such that 

( 1 . 2 ) ||a — 0 ||ii 2 ((o,i ))2 < cM ^|ln (m“^||Aa — Aoll) I ^ +m ^||Ao — Ao||l 2 (Si)^ , 

for each a G Am,M- 

We point out that our choice of the domain 17 is motivated by the fact the spectral analysis of the laplacian 
under mixed boundary condition is very simple in that case. However this choice has the inconvenient that 
the square domain f7 is no longer smooth. So we need to prove an observability inequality associated to this 
non smooth domain. This is done by adapting the existing results. We note that the key point in establishing 
this observability inequality relies on a Rellich type identity for the domain 17. 

The inverse problem we discuss in the present paper remains largely open for an arbitrary (smooth) 
domain as well as for the stability around a non zero damping coefficient. Uniqueness and directional 
Lipschitz stability, around the origin, was established by the authors in [2. 
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The determination of a potential and/or the sound speed coefficient in a wave equation from the so-called 
Dirichlet-to-Neumann map was extensively studied these last decades. We refer to the comments in [5] for 
more details. 


2 . Preliminaries 

2.1. Extension lemma. We decompose Pi as follows Pi = Pip U Pip, where Pi.i = (0,1) x {0} and 
Pi ,2 = {0} X (0,1). Similarly, we write Pq = Po,i U Po, 2 , with Pop = {1} x (0,1) and Po ,2 = (0,1) x {1}. 

Let ( 31 , 32 ) & L^((0,1))^. We say that the pair ( 31 , 32 ) satisfies the compatibility condition of the first 
order at the vertex ( 0 , 0 ) if 

df 

(2.1) I 

Similarly, we can define the compatibility condition of the first order at the other vertices of 11. 

We need also to introduce compatibility conditions of the second order. Let {fj,gj) £ 7P^((0,1)) x 
L^((0,1)), j = 1,2. We say that the pair [(/i, 3 i), (/ 2 , 32 )] satisfies the compatibility conditions of second 
order at the vertex ( 0 , 0 ) when 

( 2 . 2 ) /i( 0 ) = / 2 ( 0 ), |/((t)- 32 (t)Py < 00 and | 3 i(t) -/^(^Py < 00. 

The compatibility conditions of the second order at the other vertices of 11 are defined in the same manner. 
The following theorem is a special case of [H Theorem 1.5.2. 8 , page 50]. 

Theorem 2.1. (1) The mapping 

w —(t«|ro,i,w^|ro. 2 :^i'|ri,i,W|ri,J = ( 31 ,..., 34 ), 

defined on ^( 11 ) is extended from iJ^(ll) onto the subspace of 1 ))^ consisting in functions ( 31 ,..., 34 ) 

so that the compatibility condition of the first order is satisfied at each vertex of Q in a natural way with the 
pairs {gj,gk)- 
(2) The mapping 

^ («^|ro,i:^rrW|ro,i:'w^|ro. 2 .^y«^|ro, 2 ''«|ri,i,- 9 yW|ri,i,iU|ri, 2 .-' 9 rrW|ri,J = ((/i, 3 i),... (A,34)) 

defined on ^{fX) is extended from H^{Q) onto the subspace of [iP^/^(( 0 , 1 )) x iP^/^(( 0 , 1 ))]^ of functions 
((/i, 3 i),... (/ 4 , 34 )) so that the compatibility conditions of the second order are satisfied at each vertex of X 
in a natural way with the pairs [{fj^gj), (/fe,3fe)]. 

Lemma 2.1. (Extension lemma) Let gj € iP^/^((0,1)), j = 1,2, so that ( 31 , 32 ), ( 31 ,0) and ( 32 , 0 ) satisfy 
the first order compatibility condition respectively at the vertices (0,0), (1,0) and (0,1). Then there exists 
u £ H^{Ll) so that u = 0 on Pq and d^u = gj on Pijp j = 1,2. 

Proof, (i) We define /i(t) = g 2 {s)ds and / 2 (t) = fg gi(s)ds. Then (fi,gi) and ( 72 , 32 ) satisfy the com¬ 
patibility conditions of the second order at the vertex (0,0). 

(ii) Let 3 i £ iP^/^((0,l)) be such that fg < 00. Let /i(t) = fg g 2 (s)ds. Hence, it is straightfor¬ 

ward to check that (/i, 3 i) and ( 0 , 32 ) satisfy the compatibility conditions of the second order at ( 0 , 0 ). 

(iii) From steps (i) and (ii) we derive that the pairs [(/i,3i), (72,32)], [( 7 i, 3 i), (0,32)] and [(0,31), (72,32)] 
satisfy the second order compatibility conditions respectively at the vertices ( 0 , 0 ), ( 1 , 0 ) and ( 0 , 1 ). We 
see that unfortunately the pair [(0,31), (0,32)] doesn’t satisfy necessarily the compatibility conditions of the 
second order at the vertex (1, 1 ). We pick y £ C'°°(IR) so that y = 1 in a neighborhood of 0 and y = 0 in a 
neighborhood of 1. Then [( 0 ,x 3 i), ( 0 ,X 32 )] satisfies the compatibility condition of the second order at the 
vertex (1,1). Since this construction is of local character at each vertex, the cutoff function at the vertex 
(1,1) doesn’t modify the construction at the other vertices. In other words, the compatibility conditions of 
the second order are preserved at the other vertices. We complete the proof by applying Theorem 12.II □ 
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Corollary 2.1. Let a = ( 01 , 02 ) € £/ and gj G 1)), j = 1,2, so that ( 51 , 52)7 ( 517 O) and ( 52 , 0 ) 

satisfy the first order compatibility condition respectively at the vertices ( 0 , 0 ), ( 1 , 0 ) and ( 0 , 1 ). Then there 
exists u G so that u = 0 onT^ and d,^u = ajPj on Ti^^, j = 1, 2. 

Proof. It is sufficient to prove that (0151,02,52) and (0^5^, 0 ), j = 1 , 2 , satisfy the first order compatibility 
condition at (0,0) with ai(0) = 02(0) for the first pair and without any condition on aj for the second pair. 
Using ai( 0 ) = 02(0), we get 

t~^\ai{t) - 02(t)P < 2t“^|oi(t) - ai(0)p + 2t“^|a2(t) - 02(0)^ 
<2t-i+2“([oi]2+[a2]2) 

<2([ai]^ + [a2]^). 

This estimate together with the following one 

|ai(t) 5 i(t) - 02 (t) 52 (t)P < 2 |ai(t) - a2{t)\^\gi{t)\^ + 2 |a 2 (t)n 5 i(i) - 52 ( 01 " 

yield 

dt dt 

|ai(05i(0-a2(052(0l"j<4([oi]" +N^)ll/llL=((0,i))+2||a2|U»((0.i)) | |5i(0 - ff2(0l" j- 

Hence 

l 5 i( 0 - 52 ( 0 l"y < 00 ^ ^ |oi(05i(0-a2(052(0l"y < oo- 
If (5j,0) satisfies the first compatibility at the vertex ( 0 , 0 ). Then 

^ l 5 j( 0 l"y<oo. 

Therefore 

^ |aj5i(0l"y < l|ajlli~((o.i))_^ l5j(0l"y < 00 . 

Thus (oj5j,0) satisfies also the first compatibility at the vertex ( 0 , 0 ). □ 


2.2. Observability inequality. We discuss briefly how we can adapt the existing results to get an observ¬ 
ability inequality corresponding to our IBVP. We first note that 

To C {a; € T; m{x) ■ v{x) < 0}, 

Ti C {a; € T; m{x) ■ iy{x) > 0}, 

where m{x) = x — xq, x gM.^, and xq = {a, a) with a > 1. 

The following Rellich identity is a particular case of identity O (3.5), page 227]: for each 3/2 < s < 2 
and <p G i7®(H) satisfying Aip G L^(H), 

(2.3) 2 / A(p{m ■ Wip)dx = 2 / du'p{m ■ S/pi)da — / {m ■ v)\\/da. 

JQ Jr Jr 

Lemma 2.2. Let {v,w) G D{Aa). Then 

2 / Av{m ■ Vv)dx = 2 / d,yv{m ■ Vv)da — / {m ■ i')\Wv\'^da. 

Jn Jr Jr 

Proof. Let {v,w) G D{Aa). By Corollary 12.11 there exists v G H^{Ll) so that u = 0 on Tq and d,yV = —aw 
on Ti. In light of the fact that z = v — v is such that Az G L‘^{Q), 2 ; = 0 on Tq and d^z = 0 on Ti, we get 
z G for some 3/2 < s < 2 by [3 Theorem 5.2, page 237]. Therefore v G i7®(0). We complete the 

proof by applying Rellich identity (12.3() . □ 

Lemma l^T^ at hand, we can mimic the proof of [T] Theorem 7.6.1, page 252] in order to obtain the following 
theorem: 
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Theorem 2.2. We assume that a > S onTi, for some 5 > 0. There exist M > 1 and a; > 0, depending 
only on 5, so that 

||e*^“(i;,u;)||yxL 2 (n) < Me~‘^'^\\{v,w)\\vxL'^{Q), {v,w) G D{Aa), t > 0. 

An immediate consequence of Theorem 12.21 is the following observability inequality. 

Corollary 2.2. We fix 0 < do < <5i. Then there exist tq > 0 and k, depending only on Sq and di so that for 
any t > tq and a G £/ satisfying Sq < a < Si on Fi, 

Moreover, Ca is admissible for and {Ca,Aa) is exactly observable. 

We omit the proof of this corollary. It is quite similar to that of [3 Corollary 7.6.5, page 256]. 

3 . The inverse problem 

3.1. An abstract framework for the inverse source problem. In the present subsection we consider 
an inverse source problem for an abstract evolution equation. The result of this subsection is the main 
ingredient in the proof of Theorem 11.11 

Let iL be a Hilbert space and A : D{A) C H ^ H he the generator of continuous semigroup (T(t)). An 
operator C G 3S{D{A), Y), T is a Hilbert space which is identified with its dual space, is called an admissible 
observation for (T{t)) if for some (and hence for all) r > 0, the operator G ^{D{A), L‘^{{0,t),Y)) given 

by 

{'^x){t) = CT{t)x, tG[0,r], X G D{A), 

has a bounded extension to H. 

We introduce the notion of exact observability for the system 

(3.1) z'(t) = Az{t), z(0) = X, 

(3.2) y{t) = Cz{t), 

where C is an admissible observation for T{t). Following the usual definition, the pair (A, C) is said exactly 
observable at time t > 0 if there is a constant k such that the solution {z,y) of (13.1|) and (13.21) satisfies 

rMt)\\Ydt>n^xrH, XGD{A). 

Jo 

Or equivalently 

(3.3) f \\{'Fx){t)\\l^dt> K'^WxW'ji, xGD{A). 

Je 

Let A G such that A(0) 0. We consider the Cauchy problem 

(3.4) z'(t) = Az{t) + X{t)x, 2:(0) = 0 
and we set 

(3.5) y{t) = Cz{t), tG[0,T]. 

We fix fj in the resolvent set of A. Let Hi be the space T>(A) equipped with the norm ||a:||i = ||(/3 — A)a:|| 
and denote by iL_i the completion of H with respect to the norm ||x||_i = ||(/3 — A)“^a;||. As it is observed 
in [3 Proposition 4.2, page 1644] and its proof, when x G iL-i (which is the dual space of Hi with respect to 
the pivot space H) and A G iL^((0,T)), then, according to the classical extrapolation theory of semigroups, 
the Cauchy problem (13.41) has a unique solution z G (^([O, r]; iJ). Additionally y given in (|3.5I) belongs to 
LHi0,T),Y). 

When X G H, we have by Duhamel’s formula 

yit) = J X{t — s)CT(s)xds = j X{t — s){^x){s)ds. 


(3.6) 


0 
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Let 

HI{{Q,t),Y) = {u & H\{{),t),Y)- w(0) = 0}. 

We define the operator S : L'^{{0,t),Y) —^ HI{{0,t),Y) by 

(3.7) {Sh){t) = f X{t — s)h{s)ds. 

Jo 

If E = S'fl', then (13.61) takes the form 

y{t) = {Ex){t). 

Let Z = {P- A*)-^X + C*Y). 

Theorem 3.1. We assume that (A,C) is exactly observable at time t. Then 

(i) E is one-to-one from El onto Hg{{0,T),Y). 

(ii) E ean be extended to an isomorphism, denoted by E, from Z' onto L^{{0 ,t)',Y). 
(Hi) There exists a eonstantn, independent on X, so that 


(3.8) 


\\x\\z' < K|A(0)|e ||£’a;||L 2 ((o,r),r)- 


Proof, (i) and (ii) are contained in [T] Theorem 4.3, page 1645]. We need only to prove (hi). To do this, we 
start by observing that 

5* : L^{{0,t),Y) ^ H){iO,T)-Y) = {u € H\{0 ,t),Y); ^(r) = 0} , 
the adjoint of S, is given by 


S*h{t)=J^ X{s-t)h{s)ds, hG H):{{0 ,t);Y). 
We fix /i G E[):{{0,t)]Y) and we set k = S*h. Then 

k'(t) = X{0)h{t) — X'{s — t)h{s)ds. 


Hence 


[|A(0)|||Mi)ll]^ < (/" ^^^^[|A(0)|||Ms)ll]rf5 + Ilfc'WII 

|A'(s-t)| 


< 2 


< 2 


l|A 


t 

/||2 

L2((o 


^^[|A(0)|||/r(s)||]dsj +2\\k'm 
|A(o)|2 — /[|A(0)ll|feWllFrf^ + 2||fc-(t)f. 


The last estimate is obtained by applying Cauchy-Schwarz’s inequality. 
A simple application of Gronwall’s lemma entails 


[|A(0)|||Mi)l|]^<2e^ IMCG n|fc'(t)f. 


Therefore, 


This inequality yields 


^2 "'^'"7^((o^)) _ 

||l2((0,t);Y) < life ||L2((0.^);r)- 


|A(0)| 


c*; 




(3.9) 


L2((0.t);Y) < 
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The adjoint of S*, acting as a bounded operator from [Hr{{0, 1);!")]' into gives an extension 

of S. We denote by S this operator. By [TJ Proposition 4.1, page 1644] S* defines an isomorphism from 
[iJr.((0,1); F)]' onto i^((0,r);F). In light of the fact that 

ll'^ll.!®([Hr((0,l);Y)]';L2((o,r);Y)) = ll'S'* ||.;g(T2((o^^);V);H,,((0,l);Y)), 

(13.911 implies 

lAfOll 

(3-10) ^2 ® - ll‘^ll^([^fr((0,l);Y)]';L2((0,r);Y))- 

On the other hand, according to [2 Proposition 2.13, page 1641], ip possesses a unique bounded extension, 
denoted by from Z' into [Hr{{0, l);y)]' and there exists a constant c > 0 so that 

(3-11) ll^lls(2';[H,.((0,l);Y)]') > C. 

Consequently, E = S'i> gives a unique extension of E to an isomorphism from Z' onto T^((0, t); Y). 

We end up the proof by noting that (|3.8I) is a consequence of (13.911 and (I3.11|l . □ 


3.2. An inverse source problem for an IBVP for the wave equation. In the present subsection we 
are going to apply the result of the preceding subsection to H = V x L^(n), Hi = D{Aa) equipped with its 
graph norm and Y = L‘^{Ti). 

We consider the the IBVP 


(3.12) 


dfu — Au = X{t)w 

in Q, 

u = 0 

on So 

d^u + adtu = 0 

on El 

w(-,0) = 0, 5tu(-,0) =0. 



Let (0, w) G iL_i and A G H^((0, r)). From the comments in the preceding subsection, (13.1211 has a unique 
solution Uyj so that {uw^dtu^) G C{\fi,T\-,V x L^(n)) and duUw\Ti G L^(Ei). 

We consider the inverse problem consisting in the determination of rc, so that (0,r(;) G iJ-i, appearing in 
the IBVP (13.1211 from the boundary measurement di,Uw\Y,i- Here the function A is assumed to be known. 

Taking into account that {0} xV'CL iL-i, where V is the dual space of V, we obtain as a consequence 
of Corollarv l2.ll 


Proposition 3.1. There exists a constant C > 0 so that for any A G H^((0,t)) and w G V', 

(3.13) Ijinllv. < C'lA(0)le imo)i^ \\dM\L-{^^)- 

3.3. Proof of Theorem II. 11 We start by observing that Ua is also the unique solution of 

/ In w''(t)n(ix = Vu(t) ■ Vvdx — au'(t)v, for all v G V. 

\ u(0) = u'(0) = u^. 


Let u = Ua 
(3.14) 


— uq. Then u is the solution of the following problem 


J^u"{t)vdx = ff^Vu(t) ■ Vvdx — fp au'(t)v — fp auQ(t)v, 
m( 0) = 0, it'(O) = 0. 


for all V G V. 


For k, i G li, we set 


Afef — [(fc + 1/2)^ + (f + l/2)^]7r^ 

4 >ke{x, y) =2 cos((fc + l/ 2 ) 7 rx) cos((^ + l/ 2 ) 7 ri/). 

We check in a straightforward manner that uq = cos{^Xkit)(j)ki when (tt°,it^) = {(j)kt,0)- 
In the sequel k, £ are arbitrarily fixed. We set X{t) = cos{y/X^t) and we define Wa G V by 


Waiv) 


— y/^kt 


acfkiv. 
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In that case (|3.14l) becomes 

J^u"{t)vdx = f^Vu(t) ■ Vvdx — au'(t)v + A(t)wa(v), for all S F. 

it(0) = 0 , m'(0 ) = 0. 

Consequently, u is the solution of (13.121) with w = Wa- Applying ProDOsition l3.ll we find 
(3.15) Ikalk' < 


But 

( 3 . 16 ) ai( 0 ) 


{a(t)kifda 


|wa((ai 0 a2)4>ki)\ < ^^ ||wa||v'|l(gi ® a2)4'ki\\v, 
V Aki V Akf. 


where we used ai(0) = 02(6), and 

(3.17) II («! 0 a2)(l>ki\\v < Co\/Aki\\ai 0 a2\\H^{n)- 

Here Cq is a constant independent on a and tpki- 
We note (oi 0 a2)4’ki € V even if oi 0 02 ^ V. 

Now a combination of (I3.15p . (13.161) and (13.171) yields 

«i(0) (ll«i</’fclli2((o,i)) + ll«2<('£|li2((o_i))^ < C'||ai||//i(op)||a2||_f/i(o.i)e^'“*'^ ^^Wd^ullL^csi), 
where 4>k{s) = ^/2cos{{k + l/2)7rs). This and the fact that m < aj{0) and ||aj||//i((o,i)) ^ Af imply 




||ai</>fe|li2((o,i)) + lk2</>^|li2((Q_i)) < C -^^||5j/m||l2(Si). 


Hence, where j = 1 or 2, 


Let 


Since 


we get 


On the other hand 




Hence 

(3.18) 


ll“j'(’fc|lL 2 (( 0 . 1 )) ^ "" ll^""“lli=*(Si)- 

= / aj{x)4>k{x)dx, j = l,2. 

Jo 

I aj{x)(l)k{x)dx < ||aj(/)fc||Li((o,i)) < ||aj<;ife||L2((o,i)), 


m 


\\dvU\\L'^(Y.i) = ||AQ(^fc/) — Ao((/(ifei)||L2(E) < Ck'^Wka — Ao||. 


{a)f < C—e^ 
•' m 


^||A.-Ao||. 


Let q = ^ and a = t^tt^ + 2. We obtain in a straightforward manner from (13.181) 

E (a-)"<Cge“^'||A,-Ao||. 

|fe|<A 
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Consequently, 


l“illL2((0,l)) 


£ E i: 

|fc|<A |/c|>A 


||A,-Ao|| + 




7V2 


||A,-Ao|| + 


M 2 


That is 
(3.19) 


<CM 2 (le“^^||A„-Ao|| + ^_. 


ll“illL 2 ((o,i)) < CM'^ ]^) ■ 


Assume that ||Aa — Ao|| < S = me Let then A’o > 1 be the greatest integer so that 


Using 


we find 




le»(».+i)“||A„ - Anil < * 

m (No + 1)2 


1 


{2Nor > {No + ly > —— In 


a + 1 \ II Aq — Ao| 

This estimate in (I3.19|) with N = Nq gives 

(3.20) ||a,|U2((o,i)) <2Cy^^A/|ln(m-iA„-Ao||)|”^/". 

When II Aa — Ao|| > (5, we have 

M 

(3.21) ll®j IIl^((0,1)) — ”^l|-^a ~-^oll- 

In light of (I3.20p and (I3.21L we find a constants c > 0, that can depend only on r, so that 

-'l|Aa-Ao||). 


l|ajl|L 2 ((o,i)) < cM (^|ln (m ^||Aq - Ao||) 

Appendix A. 


- 1/2 


We prove the following lemma 

Lemma A.l. Let 1/2 < a < 1 and a G ^“([O,!]). Then the mapping f af defines a bounded operator 
on M1/2((0,1)). 

Proof. We recall that H^N((q^ i)) consists in functions / € L^((0, 1)) with finite norm 

12 \ 1/2 


Ihi/2((o,i)) - ^||/|li2((04)) + ^ 


\f{x)-f{y)\ , , 

-^- dxdy 


Let a G (//“([0,1]). We have 

Hx)f{x) -a{y)f{y)\‘^ 


< a 


\x - y\ 

\f{x) - f{y)\^ 


\f{yW 


where 


\x-y\^ - II M-(O.l) \x-y\2 ' |^_y|2(l-a)’ 

[a]a = sup{|a(a;) - a(y)\\x - yy^; x,y G [0,1], x ^ y}. 
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Using that 1/2 < a < 1, we find that x ^ \x — y\ £ ^^((0,1)), y £ [0,1], and 

dx 1 . , 

io |x-2/P(i-«) - 2^’ ^ ^ ’ ]• 

Hence af £ 1)) with 


Here 


ll«llc“([o,i]) — l|a||L=o((0_i)) + [aja- 


Appendix B. 

We give the proof of the following lemma 

Lemma B.l. Let a G £/ and Aa he the unbounded operator defined on V x L'^{Ll) by 

Aa = {w, Av), D{Aa) = {(ri, w) G V x V; Av G Lf{Ll) and d^v = —aw on Fi}. 

Then Aa is m-dissipative. 

Proof. Let (•,•) be scalar product in U x Lf{Tl). That is 

((wi, wi), (P 2 , W 2 )) = / Vvi-Vvidx+ / wiw^dx, {vj,Wj) GV x Lfiyi), j = 1,2. 

Ja Jq 

For (pijWi) £ D{Aa), we have 

(B.l) {Aa{vi,wi),{vi,wi)) = {{wi,Avi),{vi,wi)) 

= / Vwi • Vvidx + / Avfwidx 

J Q. Jq, 

Applying twice Green’s formula, we get 
(B.2) 

(B.3) 

We take the sum side by side of identities (IB.21) and (IB.3|) . Using that d,yVi = —awi on Fi we obtain 

/ Vu>i • VUrda; + / AviWidx = — / wiAvfdx — / Wvi ■ Wwidx — 2 / a\wi\^ da 
Jn Jn JQ Jn Jri 

= -{{vi,wi),Aa{vi,wi)) - 2 / a|wi|^dcr. 

dPi 

This and (|B.1I) yield 

(i;2,W2)) = - / a|wi|^dcr<0. 
dPi 

In other words, Aa is dissipative. 

We complete the proof by showing that Aa is onto implying that Aa is m-dissipative. To this end we 
going to show that for each (/, 5 ) £ U x Lf{Pi), the problem 

w = f, -Av = g. 

has a unique solution {v,w) G D(Aa). 


/ Vwi-Vvidx = — / wiAvidx + / wid^vida, 

/«/ O </ Pi 

/ AviwTdx = — Vfi • S/widx — / awiwida. 
J Cl J Cl r 1 
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1 /2 

In light of the fact ip —>■ \Vip\'^dx'^ dehnes an equivalent norm on V, we can apply Lax-milgram’s 

lemma. We get that there exists a unique v € V satisfying 


/ Vu • Vipdx = / gipdx — / awipda, ip £ V. 
Jn Jn Jti 


From this identity, we deduce in a standard way that —Av = g and d,yV = —aw on Fi. The proof is then 
complete □ 
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